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Abstract. In this article we explain how critical points of a particular perturbation of the 
Rabinowitz action functional give rise to leaf-wise intersection points in hypersurfaces of 
restricted contact type. This is used to derive existence and multiplicity results for leaf-wise 
intersection points in hypersurfaces of restricted contact type in general exact symplectic 
manifolds. The notion of leaf- wise intersection points was introduced by Moser [Mos78] . 



1. Introduction 

We consider a closed hypersurface S C (M, to = dX) in an exact symplectic manifold (M, to) 
such that (S, a := A|s) is a contact manifold. Moreover, we assume that S bounds a compact 
region in M and that M is convex at infinity, that is, M is isomorphic to the symplectization 
of a compact contact manifold at infinity. S is foliated by the leaves of the characteristic line 
bundle which is spanned by the Reeb vector field i? of a. For x G S we denote by L,j. the 
leaf through x. Furthermore, we denote by Hamc(M, w) the group of compactly supported 
Hamiltonian diffeomorphism. The following question was addressed by Moser |Mos78j . 

Question. Given (p G Hamc(M, w), does there exist a leaf-wise intersection point, that is, 
X G S with (j){x) G La;? 

Definition 1.1. We denote by p{Y^,a) > the minimal period of a Reeb orbit of {T,,a) 
which is contractible in M. If there exists no contractible Reeb orbit we set p(S, a) = oo. 

Our first main result is the following. 

Theorem A. If (j) G Hamc(Af, lj) has Hofer norm \\(p\\ < p(S,a), then there exists a leaf-wise 
intersection point for (j). 

Remark 1.2. The case (M, S) = {'M?'^, 5^""^) shows that Theorems A is sharp since p(52'^"^) 
equals the displacement energy of the sphere 5^""^. In particular, the smallness assumption 
in Theorem A is necessary. 

The proof of Theorem A uses a stretching of the neck argument for gradient fiow lines of 
a perturbed, time dependent Rabinowitz action functional. More sophisticatedly, using local 
Rabinowitz Floer homology around the action value we obtain the following multiplicity 
result. 

Theorem B. For a generic Hamiltonian diffeomorphism (j) G Hamc(M, w) with \ \4>\ \ < a) 
^{leaf-wise intersection points} > ^^6j(S,Z/2) . (1-1) 
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If the full Rabinowitz Floer homology is non-zero we obtain much stronger results. For the 
construction of Rabinowitz Floer homology we refer the reader to |CF09j , see also Section 12.31 

Theorem C. If the Rabinowitz Floer homology of {M,Y,) does not vanish, RFH(M, S) ^ 0, 
then there always exists a leaf-wise intersection point for ij) E Hamc(M, w). 

We point out that we make no assumption on the Hofer norm of ■0. Moreover, as mentioned 
above, without the assumption RFH(M, S) 7^ Theorem C does not hold in general. 

Remark 1.3. In the article |CF09j examples with non- vanishing Rabinowitz Floer homology 
are provided. See |CFO09j for further examples. 

Remark 1.4. The leaf- wise intersection points found in Theorems A and B are always con- 
tractible in the following sense. For any Hamiltonian function H : x M — > M such that 
(p = 4>H the leaf-wise intersection point can be completed to a loop 7 by first following the 
flow of and then the Reeb flow in such a way that 7 is contractible in M, see Lemma 12.131 
below. 

Remark 1.5. As in Theorem B local Rabinowitz Floer homology around the action value 
of a non-contractible Reeb orbit can be considered. Similar techniques then lead to existence 
results for non-contractible leaf-wise intersections points. In fact, generically each Reeb orbit 
gives rise to two different leaf- wise intersection points since the local homology is isomorphic 
to the homology of a circle. 

1.1. History of the problem and related results. The problem addressed above is a 
special case of the leaf- wise coisotropic intersection problem. For that let N C (M, u) be a 
coisotropic submanifold. Then N is foliated by isotropic leafs. The problem asks for a leaf L 
such that 4>{L) n L / for </> G Hamc(M, lo). 

The first result was obtained by Moser in |Mos78j for simply connected M and C^-small 
(p. This was later generalized by Banyaga [BanSOj to non-simply connected M. 

The C^-smallness assumption was replaced by Hofer, Ekeland-Hofer in |Hof9nj . [EH89] for 
hypersurfaces of restricted contact type in M^" by a much weaker smallness assumption, 
namely that the Hofer norm of (p is smaller than a certain symplectic capacity. Only recently, 
the result by Ekeland-Hofer was generalized in two different directions. It was extended 
by Dragnev |Dra08j to so-called "coisotropic submanifolds of contact type in R^"" . Among 
other results Ginzburg |Gin07| generalized from restricted contact type in M?^ to restricted 
contact type in subcritical Stein manifolds. Moreover, examples by Ginzburg |Gin07j show 
that the Ekeland-Hofer result is a symplectic rigidity result, namely it becomes wrong for 
arbitrary hypersurfaces. Recently Ziltener |Zil08] and Gurel |Gur09j obtained results on leaf- 
wise intersection points using entirely different methods from this article. 

Theorem A gives a complete answer to the existence problem of leaf-wise intersection points 
within the class of restricted contact type hypersurfaces. After this article was published on 
the arXiv an independent proof of Theorem A was given by Gurel jGur09j . 

Theorem B is (to the authors' knowledge) the first time that a general multiplicity result for 
leaf-wise intersection points in the Hofer-small case is proved. In the C^-small case multiplicity 
results were obtained by Moser and Banyaga. In the special case of fibrations Ziltener |Zil08] 
proves similar multiplicity results to Theorem B. 

Theorem C is (again to the authors' knowledge) the first global (i.e. valid for all Hamiltonian 
diffeomorphisms) existence result for leaf-wise intersection points. 
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2. A PERTURBATION OF THE RABINOWITZ ACTION FUNCTIONAL 

We recall that T, C {M,uj = dX) is a closed hypersurface in an exact symplectic manifold 
such that (S,a = Ai^) is a contact manifold. Moreover, T, is assumed to bound a compact 
region in M. We denote by R the Reeb vector field of a. Moreover, we define the vector field 
YhydXiY,-) = Xi-). 

Lemma 2.1. The vector field y is a Liouville vector field for (S,a), that is, Cy^ = ^ and 
y rtl S. In particular, (S,a) is of restricted contact type. 

Proof. Since X{Y) = dX{Y,Y) = we compute CyX = d{iYX) + iydX = X. Since the Lie 
derivative commutes with the exterior differential we conclude Cy^ = iv. If we assume that 
Y G TxT, then = da(Y,R) = dX{Y,R) = X{R) = a{R) = 1. This contradiction shows 
y rh S. □ 

The flow (py of the Liouville vector field is defined near S. We fix > so that (/>y|s is 
defined for all \t\ < Sq and define a function G by G{(Py(x)) = t for all a; G S. For < 6 < 6o 
we set 

Us := {x e M \\G{x)\ < 5}. (2.1) 
Since S bounds we can choose a G : M — > M which is locally constant outside Usf^ , coincides 
with G on Usa, and such that G~^(0) = S. Thus, the Hamiltonian vector field Xq of G 

"2" 

satisfies Xg\s = R- Finally, we fix a smooth function p : — > M with p{t)dt = 1 and 
supp(p) C (0, ^) and set 

F{t,x):= p{t)G{x) . (2.2) 
Therefore, the Hamiltonian vector fields satisfy 

XF{t,x) = p{t)XG{x) . (2.3) 
We recall the definition of the positive and negative part of the Hofer norm. 

Definition 2.2. Let H : x M — > R a compactly supported Hamiltonian function. We 
set 



\H\\+ := [ maxH(t,x)dt \\H\\_ := - f min H(t,x)dt = \\ - H\ 
Jo ^6M Jo x&M 



(2.4) 



and 

lli^ll = + . (2.5) 

For (j) G Hamc(M, w) the Hofer norm is 

||<^||=inf{||i?|||<^ = <^H}. (2.6) 

Lemma 2.3. For all cj) G Hamc(Af, cj) 

= ini{\\H\\ = H{t, •) = Vt G [0, i]} . (2.7) 



4 



PETER ALBERS AND URS FRAUENFELDER 



Proof. < |||i?5>||| is obvious. To prove the reverse inequality pick a smooth monotone 
map r : [0, 1] [0, 1] with r(^) = and r(l) = 1. For H with 4>h = </> we set H^{t,x) := 
r'{t)H{r{t),x). Then a direct computation shows (pn^ = <pH, = \\H\\, and H'^{t,x) = 

for all t G [0, |]. This finishes the proof. □ 



From now on we assume that H{t, •) = for all t G [0, Then for F as in equation (j2.2p 
the perturbed Rabinowitz action functional is defined as follows 

Ah{u,t]) := - [ u*X- [ H{t,u{t))dt-T] f F{t,u{t))dt (2.8) 
Jo Jo Jo 

where u G C°°{S^ , M) and r/ € M. Critical points (u, r/) € Crit^^ satisfy 

dtu = XH{t,u) +r]XF{t,u) \ 

.1 I (2.9) 

J F{t,u)dt = J 

In the following proposition we observe that existence of a critical point of Af^ gives rise to 
a positive answer of the leaf-wise intersection problem mentioned in the introduction. 

Proposition 2.4. Let {u,ri) e Crit^^. Then x = u{^) satisfies (j)H{x) G L^. Thus, x is a 
leaf-wise intersection point. 

Proof. For t G [0, \] we compute, using H{t, ■) = G for alH < ^, 

jG{u{t)) = dG{u{t)) ■ dtu 

= dG{u{t)) ■ [XH{t,u)+ri XF{t,u) ] (2.10) 

=0 =pit)XG{u) 

= 0, 

since dG{XG) = 0. Hence G{u{t)) = c =const for t < ^. Thus, 

= / F{t,u)dt= [ p{t)G{u{t))dt = c (2.11) 
Jo Jo 

Therefore, G{u{t)) = c = 0, and since G~^(0) = S we have u{t) G S for t € [0,^]. In 

particular, u{^),u{Q) = u{\) G S. 

For t G [\, 1] we have F{t, •) = 0. Thus, the loop u solves the equation dtu = XH{t,u) on 
1], and therefore, u(l) = (f)H{u{^)). We conclude that 4>h{u{^)) G S. Using again that for 

t G [0, |], dfU = Xnitju) + rjXp{t,u) = r]Xp{t,u) = rip{t)XG{u) and u{t) G S we see that 

m(1) = ti(0) G since Xg\y, = R. 

With the definition x := it(^) we then have 4>h{x) = u{l) G Lx- This concludes the 
proof. □ 

In the following we establish necessary analytical properties of the perturbed Rabinowitz 
action functional. For later purposes we allow from now on the function H to be s-dependent 
as follows: Hs{t,x) = H-{t,x) for s < — 1 and Hs{t,x) = H^{t,x) for s > 1. Moreover, 
Hs{t, ■) = for t G [0, and Hg has compact support uniformly in s. We choose a family 
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J{s,t) of compatible almost complex structures on M such that J{s,t) is independent of s 
for s < — 1 and s > 1 . The norm of the gradient of equals 

I \VA^{u, 7M^ = \\dtu- Xh^ {t, u) - tjXf {t, u) I li 2 + C F{t, u{t))dt ' (2.12) 

Jo 

where the norm is taken with respect to the metric g(^s,t){'j ') •= ^{'^ J{s,t)-). We denote 
by ^ the component of the contractible loops in M. 

Definition 2.5. A gradient flow line of is (formally) a map w = {u,r]) € C°°(1R,^ x R) 
solving the ODE 

dsw{s)+\/sAfi{w{s)) = , (2.13) 

where the gradient is taken with respect to metric defined as follows. Let {ui,fii) and 
{u2,fj2) be two tangent vectors in T(„ ,^)(^ x M). We set 



((ni,T}i), ('U2,??2)) := / g{s,t){ui,U2}dt + fiifi2. (2.14) 



According to Floer's interpretation, |Flo88b] . this means that u and ?y are smooth maps 
u:Rx — ^ M and r? : M — >R solving 

dsU + J{s,t,u){dtu - XHs{t,u) - 7jXF{t,u)) = 1 

.1 I (2.15) 

dsTj- J F{t,u)dt = 0. J 

Definition 2.6. The energy of a map w G C°°(M,^ x M) is defined as 

/oo 
WdsivW"^ ds . (2.16) 
-oo 

Lemma 2.7. Let w; be a gradient flow line of V^^^. Then 

/oo 
WdsHsW^ds. (2.17) 
-oo 

Moreover, equality holds if dgHg = 0. 

Proof. It follows from the gradient flow equation (|2.13p 

/oo 
dAfj^iw{s))[dsw]ds 
-oo 

/oo J /* oo 

^-(^AfjM^)))ds + J JdsAfj^){w)ds 

/OO /"l 
/ dsHs{t,u)dtds 
-oo Jo 

/oo 
\\dM\.ds. 
-oo 



(2.18) 



□ 
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Lemma 2.8. Let w he a gradient flow line of V^^^. Then 



/oo 
\\dsHs\\-ds (2.19) 
-oo 



for all So G 



Proof. The proof follows from the proof of Lemma 12.71 by replacing in the first line by 
III resp. J^, and E{w) > 0. □ 



Theorem 2.9. Let Wn = {un,i]n) be a sequence of gradient flow lines for which there exists 
a < b such that 

a < AH{wnis)) <b VsGM. (2.20) 

Then for every reparametrisation sequence (T„ G M the sequence Wni- + o"„) has a subsequence 
which converges in Cj'^(IR, ^ x M). 

Proof. The proof follows from standard arguments in Floer theory as soon as we establish 

(1) a uniform bound on 

(2) a uniform L°° bound on r/„, 

(3) a uniform L°° bound on the derivatives of n„. 

Indeed, assuming (l)-(3) bootstrapping the gradient-flow equation will establish Cj^-convergence, 
see |MS041 Appendix B.4]. The L°° bound on Un follows from the convexity at infinity of 
(M, u;). Once the L°° bound on r]n has been established, the L°° bound on the derivatives 
of Un follows in the following way. If the derivatives would explode we would obtain non- 
constant holomorphic spheres as limits, see |MS041 Chapter 4.2]. But in an exact symplectic 
manifold non-constant holomorphic spheres don't exist. The L°° bound on r]n is the content 
of the following proposition. □ 

Proposition 2.10. Given critical points w^,W-^ G Crit^^ there exists a constant k = 
k{w-,w^) such that every QTCidicTit flow lific w — (71, ?y) of with lim^ s-iLoo 

= w± sat- 
isfies 

-(R) < K . (2.21) 



The proof of the proposition goes along the same lines as in |CF09^ Corollary 3.3] and relies 
on the following lemma. The proof of the proposition is given after the proof of the lemma. 

Lemma 2.11. There exists e > and C > such that for all {u,r]) G C°°{S^,M) x M we 
have 

llV,^^(u,r?)ll <e =^ \r]\<c(\A^{u,rj)\ + l) (2.22) 



where the norm of the gradient is given in equation (j2.12p . 

Proof. We will use again the notation introduced below the proof of Lemma l2.ll We fix 
< 25 < min{l, 6q}, in particular, we have G{x) = G{x) for x G Us- 

Claim 1 : Assume that u{t) G Us for all t G (^, 1). Then there exists a constant Ci > 

\v\<Ci(\A^{u,v)\ + \\VsAf,{u,7M + l) . (2.23) 
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u*\- [ H{s,t,u{t))dt -r] [ F{t,u{t))dt 
Jo Jo 



> 







\H\ 



> -\\H\\l^ - 5\7]\ + 



A(n(t)) [dtu - Xh, (t, u) - vXpit, u)] dt 



+ 1^ X{u{t))[XHAt,u)]dt+ 1^ Hu{t))[ri Xpit^ ]dt 

=p{t)R{u{t)) 



> \r]\ - 5\7]\ - Cx^s \\dtu - XnAt^u) - r]XF{t,u)\\Li - Cx,H 

> h\v\-Cx,5 \ \dtu - XnAt^u) - r]XF{t,u)\\L2 - Cx,H 

> h\v\-Cx,5 \ \VsAfi{u,r])\\L2-Cx,H 



where Cx,5 '■= ||A|(7^||loo and Cx,h ■= \\H\\loo + Cx,s\\Xh\\l°° ■ This inequahty immediately 
imphes Claim 1. □ 



Claim 2 : There exists e = e{6) with the following property. If for (u, rj) there exists t € [0, ^] 
with G{u{t)) > 6 then \\VsAfi{u,rj)\\ > e 

Proof of Claim 2. If in addition G{u{t)) > | holds for all t G [0, i] then using (l2T^ 



VsA^{u,ri)\\ > [ F{t,u{t))dt >l f 
Jo ^ Jo 



p{t)dt = - 



(2.24) 



since F{t,x) = p{t)G{x). Otherwise there exists t' € [0, ^] with G{u{t')) < |. Thus, we can 
find < a < 6 < ^ such that for all t € [a, b] 



- = G{u{a)) < G{u{t)) < G{u{b)) = 5 



(2.25) 



or 



5 = G{u{a)) > G{u{t)) > G{u{b)) = - 



(2.26) 
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We only treat the first case. The second is completely analogous. 
||V.^^(n,?7)|| > \\dtu-XHAt,u)-7]XF{t,u)\\L2 



> / \\dtU-XHSt,u)-r]XF{t,u)\\^dt 



> 



> 



a IIVGII 



1 



^ 'gt{dtu,VG)-7]gt{XF{t,u),VG) fdt 



> 



> 



\\VG\\l^ 
1 

llVGIUoo 
1 

llVGIUoo 
5 

2||VG||l° 



d 



Giu{t)) 



d_ 
It 

'£ 

dt 



dt 

G{u{t)) 
G{u{t))dt 



(2.27) 



dt 



dt 



where we used 5j(Xi.,VG) = dGiXp) = p{t)dG{XG) = p{t)uj{XG, Xq) = 0. Since ||VG||l=o > 
1 we set e(5) := |. This proves Claim 2. □ 

Setting 36 := min{l, 6o}, e := e{6) according to Claim 2, and C := Gi + e, Ci as in Claim 
1, the lemma follows. □ 

Proof, (of Proposition 12. 1U|) From Lemma it follows that 

E{w) < - + Ch (2.28) 

where Ch ■= f \\dsHs\\-ds. We fix e and G as in Lemma 12.111 For o" € M we define 

r(fj) :=inf{r > | ||Vs^^(w(o- + r))|| < e} (2.29) 

and compute 

E{w) > / ^ ^ ^ \\VsAft{w{s))\\'^ ds>T{a)e^ (2.30) 

J a ^ V ' 



>e2 



From the second equation in (j2.15p it follows directly that 

WdsvWL^ < \\F\\lo^ . (2.31) 
The norm ||i^||ioo is finite since dF = outside a compact set. Finally according to Lemma 



\A^iwis))\ < max {A^iw-), -A^iw+)} +Gh=:^ 



(2.32) 
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The last three inequahties together with Lemma 12.111 imply 



<c(\A'H{w(cj + T{a)))\ + l) + \\F\\L^T{a) (2-33) 



<C(H + 1) + ||F| 



E 



:2 ■ 



This proves the proposition. □ 

2.1. Proof of Theorem A. Recall that A : £ — > M is a functional and C C Crit^ then C 
is called a Morse-Bott component if the following two conditions hold. 

• C is a submanifold of £ 

• For all c G C we have TcC = keic Jif/({c) where Jif/( is the Hessian of A. 
Lemma 2.12. The subset S C Crit^^ is a Morse-Bott component. 

Proof. Let c = {p,0) with p e T,. An element {v,fj) e C°°{S^,TpM) x M is in the kernel of 
the Hessian J^J^{c) if and only if it solves the following equations 

dtv = f|p{t)XG{p)^ 
^1 } (2.34) 

Integrating the first equation we obtain 

vil) = v{0) + fiXcip) ■ (2.35) 

Using that -O is a loop and Xcip) ^ we conclude fj = and thus v = vq € TpM. The second 
equation implies 

dG{p)vo = (2.36) 
and therefore vq S TpT, = kerdG{p). □ 

Proof. We choose H : x M — > R such that (pn = 4>^ < p(5],a), and such that 

H{t, x) = for all t e [0, i], see LemmaEH For r > we choose a smooth family of functions 
Pr € C°°(M, [0, 1]) satisfying 

(1) for r > 1: P'^.{s) • s < for ah s G M, Pr{s) = 1 for \s\ < r - 1, and /^^(s) = for 
|s| > r, 

(2) for r < 1: f3r{s) < r for ah s G R and supp/?r C [-1, 1], 

(3) limj.^oo /3r(s =F i") ='■ Pto{^) exists, where the limit is taken with respect to the C°° 
topology. 

We set 

Kr{s, t, x) := Pris)H{t, x) . (2.37) 
We fix a point p G S and consider the moduli space 

w solves (|2.15p for Kr 
lim w{s) = {p,0), lim w{s) G S f ' (2-38) 



M := { {r,w) G [0,oo) x C°°{R,^ x M) 
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Claim : If there exists no leaf-wise intersection point, then A4 is compact. Moreover, its 
boundary consists of the point (0,p, 0) only. 

Assuming the Claim we prove the assertion of Theorem A. The moduli space A4 is the 
zero-set of a Fredholm section of a Banach-space bundle over a Banach manifold. Its index 
equals 1. Moreover, since by Lemma 12.121 = A^° is Morse-Bott along S the Fredholm 
section is regular at the boundary point (0,p, 0). It is well-known that a Fredholm section 
can be perturbed to a transverse Fredholm section given that its zero-set is compact. Since 
the Fredholm section is already transverse at the boundary point it suffices to perturb away 
from the boundary. Thus, assuming the claim we obtain from M a smooth compact manifold 
with boundary being the point (0,p, 0). Such a manifold does not exists. Thus, to finish the 
proof it remains to show the claim. 

According to Lemma 12.71 we have for (r, w) & M with lims_>oo w = {p\ 0) 

/oo 
\\dsKr\\-ds 
-oo 



/■oo (2.39) 
/ (3l{s)\\H\\+ds 
Jo 

= (3rm{\\H\\. + \\H\\+) 
< \\H\\ . 

Moreover, if r = in the above then E{w) = Aq{p,0) — Aq{p',0) = thus w is constant 
and therefore w{s) = {p,0) for all s € M. In particular, for r = the only solution in is 
'w{s) = {p,0). Finally, since ^0^(^,0) = Aq{p',0) = the above computation implies 

-\\H\\<A^'-{w{s)) <\\H\\ VsGM. 

Since we have uniform action bounds we know by Theorem 12 . 91 that the sequence Wn converges 
(after choosing a subsequence) to some solution v of the gradient fiow equation. In case that 
f (+oo) S (the other case is analogous) we choose an open set [/ C ^ x M containing only 
the constant critical points. Let s„ be the first time so that Wn{(Tn) U, i.e. the first exit time. 
This is well-defined for large enough n since v{+oo) S. Now consider the reparametrised 
sequence Un := an * Wn '■= Wn{- + CTn) ■ By compactness the sequence Un converges to u 
(after choice of a subsequence). Then n is a non-constant gradient flowline since n(0) G dU 
and u{—oo) = {p,0) using again that S is Morse-Bott, see Lemma 12.121 Thus, one of the 
following has to exist 

(1) a non-constant gradient fiow line v of Aq with one asymptotic end being {p,0), 

(2) a gradient flow line v of Aj^^^j, where is as above. 

Moreover, E{v) < limsup -E(?i;„) < \\H\\ < p(S,Q;). In the first case the sequence con- 
verges, whereas in the second case r„ — > oo. If there exists no leaf-wise intersection points, 
then the second case cannot occur since otherwise one asymptotic end of f is a critical point 
of A^ which gives a leaf-wise intersection point according to Proposition 12.41 



/ \ms)H\\-ds 

J —oo 




PUs)\\H\\-ds - 
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In the first case not both asymptotic ends of v can be of the form {q, 0) € Crit^^ for 
some q £ Tj since otherwise E{v) = according to Lemma 12.71 Hence the gradient flow hne 
would be constant. Therefore, one asymptotic end of v is of the form (7, rj) where 7 is a Reeb 
orbit (contractible in M) of period ?7 / 0. Thus, |r/| = |w4o'(7,r/)| = E{v) < p(S,a), which 
contradicts the definition of p(S,a). This finishes the proof. □ 

Lemma 2.13. For any Hamiltonian function H : x M — > M such that (p = (pH the leaf- 
wise intersection point found in Theorem A can be completed to a loop 7 by first following 
the flow of and then the Reeb flow in such a way that 7 is contractible in M. 

Proof. Prom the previous proof it follows immediately that for the chosen Hamiltonian 
function H the leaf-wise intersection point x = u{0), where (u, r]) € Crit^^, can be completed 
to a contractible loop 7. We observe that 7(t) = is a 1-periodic orbit of the 

Hamiltonian function H + rjF. If K is another Hamiltonian function with (f> = (px, then 
H + rjF and K + r]F have the same time-l-maps (pH+riF = <pK+r]F- Moreover, it follows 
from the existence of at least one contractible periodic orbit for the time-l-map of the flow 
(t^7i+nF°'^^K+r]F ^^^^ loop 4>^^_^^p{x) IS contractible if and only if 4>\^_^_^p{x) is contractible. 
The existence of a contractible periodic orbit for 4>Jj^_^^p o (j)^j^_i^^p follows from Ploer's proof 
of the Arnold conjecture [Plo88a| . 

□ 

2.2. The perturbed Rabinovi^itz action functional is generically Morse. We set 

n:={H e C7~(Si X M) I H{t, •) = Vt € [0, i]} . (2.40) 

The specific time support of functions H £ Ti \s crucial in the proof of Proposition 12.41 
Fortunately, the set Ti still generates Ham(M, w), see Lemma 12.31 Moreover, it is large 
enough so that the perturbed Rabinowitz action functional is generically Morse. 

Theorem 2.14. For a generic H G TC the perturbed Rabinowitz action functional is 
Morse. 

Proof. The proof is postponed to the appendix |Al □ 

Remark 2.15. It is straight forward to prove that is Morse if one does not insist that 
H has time support in [^,1], see |CFP08j . The proof of the genericity of the Morse property 
follows a standard scheme once it is shown that a certain linear operator is surjective. This 
operator is composed out of two summands. One is the Hessian of A^ and the other comes 
from the variation in H. Without restrictions on the time support surjectivity follows essen- 
tially directly from examining the second summand. In the situation of this paper this fails 
and we crucially use the Hessian. 

2.3. Rabinowitz Floor homology. The definition of Ploer homology HF(^^) proceeds as 
usual. We choose an s-independent H : xM — > R. In addition, we require that H(t, •) = 
for all t G [0, Moreover, we assume that the perturbed Rabinowitz action functional A^ 
is Morse. Then we define the Z/2 vector space 

CF(^^) := {e = Yl I ^ / 0, A^ic) >k}<oo Vk e m} (2.41) 

ceCrit^l^ 

and the moduli space 

A^(c_,c+) := <w \ w solves the gradient flow equation (I2.15p . lim = c±\/M. . (2.42) 
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Transversality for tlie moduli spaces A^(c_,c_|_) can be achieved by abstract perturbation 
theory. For example, one can use the theory of polyfolds by Hofer-Wysocki-Zehnder. In 
fact, since there are no automorphism groups acting, the framework of M-polyfolds |HWZ07| 
IHWZ09] is sufficient to achieve transversality. Indeed, the space of broken trajectories is 
an M-polyfold and the gradient flow equation is a Fredholm section into an M-polybundle. 
The moduli space M{c-,C-^) is the zero set of this Fredholm section. Using the abstract 
perturbation theory developed in [HWZ09] then achieves transversality. 

It also is conceivable that A1(c_,c+) is smooth for a generic choice of an S^-family J(t, •) 
of compatible almost complex structures similarly as in the work of |FHS95j . 

By abuse of notation the smooth manifold obtained by perturbing the gradient flow equa- 
tion will again be denoted by A4(c_, c+). We set n(c_, c+) to be the Z/2-number of elements 
in the zero-dimensional components of A^(c_, c+). Then the linear map defined on generators 

by 

d : CF(^^) CF{Af,) 

c^J2^ic,d)d (2.43) 

d 

satisfies 9^ = 0. We set HF(^^) := R{CF{A^),d). 

Theorem 2.16. If H is such that Ajj is a Morse function then 

HF(^^) ^ RFH(M, S) . (2.44) 

Proof. We choose an s-dependent homotopy from H to 0. Because of Theorem 12 . 91 the usual 
continuation homomorphisms are well-defined and isomorphisms. We conclude 

HF(^^) ^ HF(^^) = RFH(M, S) . (2.45) 

□ 

2.4. Proof of Theorem C. Theorem C from the introduction is the following corollary of 
Theorem Eini 

Corollary 2.17. /f RFH(M, S) ^ 0, then there exists a leaf-wise intersection point for any 
(p G Hamc(M, w). 

Proof. We assume by contradiction that there exists no leaf-wise intersection points. In 
particular, by Proposition [23] Crit^^ = and thus A^ is Morse with = HF(^^) ^ 
RFH(M, S). This contradiction finishes the proof. □ 

2.5. Local Rabinowitz Floer homology. In the following we assume that (pn £ IIamc(Af , lo) 
is chosen so that A^ is Morse. For < p(S,Q;) we define 



Critioc(^^) := \ iu,r]) G Crit^^ | u is contractible in M, —\\H\\+ < A^{u,r]) < \\H 




We note that the set Critioc(^^) is finite. This follows from the Arzela-Ascoli theorem since 
the Lagrange multiplier rj is uniformly bounded according to Lemma 12.111 We define the 
finite dimensional Z/2 vector space 

CFioc(^^) := Critioc(^^) ® Z/2 . (2.46) 

{CF\oc{A^), dioc) is a differential complex since the action along gradient fiow lines is decreas- 
ing. Define local Rabinowitz Floer homology by HFioc(.4^) := H(CFioc(^^), 5ioc)- 
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Definition 2.18. We abbreviate the number of leaf-wise intersection points oi(f)H S Hamc(M, w) 

by lAca.l{(t>H)- 

Lemma 2.19. If is Morse and \ \H\\ < p(S,a) the inequahties 

yieA<t^H) > dimCFioc(^^) > dimHFioc(^S) • (2.47) 

hold. 

Proof. The second inequality is obvious. To prove the first inequality we point out that 
two critical points (n, r?) ^ {u' ,r]') G Crit(^^) can give rise to the same leaf-wise intersection 
point only if the underlying leaf of the Reeb flow is closed. Indeed, if u{\) = w'(^) then 
according to Proposition 12.41 we know that n(l) = 4>h{u{\)) = (I)h{u'{\)) = u'(l). Trivially, 
u{\) = u(0) = ti'(O) = u'{\). This is illustrated in figure [TJ The map u would be following 
the solid line, whereas the map u' would follow the solid arc and the dotted part of the Reeb 
orbit. 




Figure 1. 



We denote by (u|jq 1|) the path u\^q 1| traversed in the opposite direction. Then, the map 



l[o 



7:=^i'l[oi]#(^l[oi]) 



(2.48) 



is a closed loop in S which (up to reparametrization) is a non-trivial Reeb orbit. The loop 
7 is contractible in M since 7 is homotopic to the loop u'^u~ which is the concatenation of 
two contractible loops and thus contractible. Next, we compute using u\^i ^-^ = u'|ji 



1 — 1 

u*a- I u*X-i] 1' p{t)G{u{t))dt- I H{t,u{t))dt 

Jo ' — >/ — ' 

^ =0 ^ 



{u')*a- [ {u')*X-7]' f\{t)G{u'{t))dt- [ H{t,u'{t))dt 
J\ Jo J\ 



{u)*a 



u a 



7 a 



> p(S,a) > \\H\ 



(2.49) 
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If we assume that (u, 77) 7^ {u',r]') € Critioc(^^) give rise to the same leaf-wise intersection, 
then by definition of Critioc(^^) we have 

\\H\\ = \\H\\+ + \\H\\^ > \A^iu,r]) - Afj{u',r]')\ > \\H\\ . (2.50) 

This contradiction finishes the proof. □ 

2.6. Proof of Theorem B. Theorem B from the introduction fohows from Theorem 12.141 
Lemma 12.191 and the following proposition. 

Proposition 2.20. If 4>h G Hamc(M, w) satisfies \\4>h\\ < p{^,o) and if is Morse, then 
there exists an injective homomorphism 

e : H(S; Z/2) HFiocM^) • (2.51) 

Proof. We first observe that 

H(S;Z/2) ^HFioc«) . (2.52) 

Indeed, this follows from the fact that locally around the action value the Rabinowitz 
action functional is Morse-Bott with critical manifold S, on which the action functional 
vanishes. Since the functional only has one critical value the complex of cascades, see |Fra04j . 
computing the Morse-Bott homology HFioc(^o') equals the Morse complex of the critical 
manifold S. Let 6 be the continuation homomorphism 9 : HFioc(w4g') — > HFioc(.4.^) in local 
Floer homology. With formula (|2.17p and ||-f/^||+ + = < p(S,a) one checks via 

an energy-action estimate that 6 is well-defined when using the homotopy (3^{s)H from the 
proof of Theorem A, see equation (j2.37p . The same energy-action estimate shows that the 
reverse continuation homomorphism C : HFioc(^^) — HFioc(»4.^) is well-defined via the 
homotopy (3^{s)H. Applying a homotopy of homotopies f3r{s)H as in the proof of Theorem 
A shows that 

C o ^ = id : HFioc(<) HFioc(<) , (2.53) 

namely no breaking along non-trivial Reeb occurs during the homotopy. Hence 9 is injective. 

□ 

Appendix A. Af^ is generically Morse 
In this appendix we prove Theorem I2.14[ 

A.l. Preparations. The proof of the genericity of the Morse property follows a standard 
scheme, that is, once it is shown that a certain linear operator is surjective the theorem 
follows from Sard-Smale's theorem. Unfortunately, the standard approach by linearizing the 
functional using some connection leads to finding solutions of a rather complicated ODE on 
the manifold M. To circumvent this we first transform the problem and then in the end 
obtain a linear ODE in a vector space. 

First, let us recall the definition of the perturbed Rabinowitz action functional 

: ^ X M — >R 

fi fi fi (A.l) 

{v,ri)^-l \{v{t))[dtv] - H{t,v)dt-r] F{t,v)dt 
Jo Jo Jo 
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where from now on J£ = W^i'2(S'i,M) is the (completed) loop space of M. For convenience 
we abbreviate 

T -.^ — >M 



I F{t,v)dt 
Jo 



(A.2) 



and ^ ^ 

Ah{v):=- [ X{vit))[dtv]- [ H{t,v)dt. (A.3) 
Jo Jo 

Thus, A^{v,r]) = Ah{v) — r]T{v). We note that A^{v,vi) = A-q^F+niv) + (r?o — v)^{v), and 
therefore 

dAfj{v,ri)[v,fi] = dA^,F+H{v)[v] - fiT{v) + (r?o - ri)dTiv)[v] (A.4) 

where v G T^'^{v*TM), the space of W^''^ vector fields along v, and ?} € M. Hence at a critical 
point xq = {vo,r]()) € Crit^^ the Hessian equals 

J^^F(xo)[{vi,f]i),{v2,fi2)] = J^A^,,F+Hi'"o)['"i^^'2] - mdT{vo)[v2] - 'n2dT{vo)[vi] . (A. 5) 
For a function P : [0, 1] x M — > M and corresponding (pp € Ham(M, u;) we define 

ifp := {u; G W^'\[0, 1], M) | u;(0) = (^UHm , (A.6) 
the twisted loop space, and introduce the diffeomorphism : — > ^ 

$pH(t) =0^Kt)) . (A.7) 
For a fixed critical point xq = (I'o,^) of -4^ we use this diffeomorphism to pull back A^ 

^vo,H = i'^voF+H X id^TA^ : ^^,F+H X M ^ M . (A.8) 

We set wq := ^~^p_^^ o vq, thus wq =const. Then using (^^*jjdAH) {w)[w] = f uj{dtw,w) we 
obtain 

J^IF {wo,rio)[{wi,m),{w2,'n2)] = / u;(ati()i,i()2)dt-77id^(wo)[t()2]-02d-?(?i'o)[''i'i] • (A.9) 

where J- = J- o ^^^p^fj. Using the special form of F (see equation (|2.2p ) and H ^ Ti (see 
equation (j2.40p ) we compute 

^ 1 

T{w)= [ F{t,4>'^^p^H{w))dt= F{t,ct>'^^p^H{w))dt 
Jo Jo 
1 1 

= F{t,cl>l,^p{w))dt= F{t,w)dt (^-10) 
Jo Jo 
1 

F{t,w)dt 







Thus, the Hessian of A^^ simplifies as follows (after integrating by parts) 

{wQ,r]Q)[{wi,fji),{w2,f]2)] 

/■I /■! (A.ll) 

Lu(dtWi,W2)dt - fji dF{t,wo)[w2] - m dF{t,wo)[wi] 
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A. 2. The linearized operator. We denote by = {H e C''{S'^ x M) \ H{t, •) = Vt G 
[0,^]}. Moreover, for w G (see equation ()A.6P for the definition) we define the bundle 
£h by 

{£hU ■■= L\[0,l],w*TM) . (A.12) 

Definition A.l. Let (fo; %) be a critical point of and {wq, tjq) the corresponding critical 
point of jj, that is, defined by the equation vq = ^jj^f+h{wo). Then we define the linear 



A^ 

operator 



L{wo,vo,H) '■ {Two-^tioF+h) X M X — > [EnoF+H) x (A. 13) 

via the pairing with {w2-,'f)2) G {Ern^F+n) x 



VQ,H 

+ [ d{{^^,F+HrH){t,wo)[w2{t)]dt 
Jo 



(A.14) 



Proposition A. 2. The operator L^^^ ^^^ jj^ is surjective. In fact, L^^^^^^^^jj^ is surjective when 
restricted to the space 

V := {{w, fi, H) G {T^,^^,f+h) X M X W I w{\) = 0} . (A.15) 

Remark A. 3. The additional assertion of the surjectivity of -Z>(«;q,,7o,h) |v is not used in the 
current article but will prove useful in the future. Since it added only two lines we decided 
to include it here. 

Proof. The L^-Hessian is a self-adjoint Predholm operator. Thus, the operator Lf^^^^^^^jj) 
has closed image. Therefore, it suffices to prove that the annihilator of the image of -^^(«,o,r;o,-ff) 
vanishes. Let {w2,fi2) be in the annihilator of the image of Lf^^^^j^^^jj-j, that is 

{L(wo,vo,H)[wi,'ni,H],{w2,m)) = (A.16) 

for all {wi,fii,H) G {Twa^rjoF+H) x M x "H. This is equivalent to the following two equations: 

M'jF (^t;o,r?o)[(^«l,??l), (^«2,l?2)] = M{wi,r]i) G (Two^tioF+h) x M (A.17) 

and ^ 

dHt{<t>lF+HMml,,F+HM[^2]] = yHen (a.is) 

Since the Hessian J^jf is a self-adjoint operator, equations (IA.11|) and (IA.17P imply by 

elliptic regularity that W2 G C'^'+^([0, 1],M) and satisfies the equation 

dtW2 - mXFit, wo) = (A.19) 

and the linearized boundary condition 

W2{0) = d(bl,^F+Hiwo)[w2m ■ (A.20) 

In fact, when the Hessian is restricted to V then equation (IA.19P holds for all t 7^ ^, since the 
Hessian is a local operator. Thus, by continuity, equation (lA.lOh holds for all t in any case. 
From equation (lA.lSP we deduce that 

W2{t) = VtG[i,l]. (A.21) 

Using F{t, x) = p{t)G{x) we rewrite equation ()A.19|) 

dtW2-mp{t)XG{wo) = Q . (A.22) 
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This is a linear ODE in the vector space T^qM which we can solve 

Mt) = MO) + m {^j^ p{r)dt^ Xg{wo) . (A.23) 

We recah (see equation (j2.2p ) that F{t,x) = p{t)G{x) where p{t)dt = 1 for ah t G [^,1]- 
Combining this with equation ()A.2ip we conclude for t > ^ 

= W2{t) = MO) + mXciwo) . (A.24) 

Combining equations (|A.20p and (jA.2ip at f = 1 we derive W2{0) = 0. Hence, by equation 
(|A.24p we have 

mXciwo) = . (A.25) 

Since {wo,r]o) comes from a critical point (fo,??o) of Afj we know G{v{0)) = G{wo) = 0, and 
therefore, Xg{wo) ^ since was assumed to be a regular of G. In particular, 

m = (A.26) 

Equations (|A.23P and (|A.26P immediately imply 

W2it)=0 VtG[0, 1]. (A.27) 

Therefore, the annihilator of the image of Lw^^rj^.H vanishes and thus Lyj^^^rjo,H is surjective. □ 



A.3. Proof of Theorem [27141 We recall that ^ = W^^'^{S^, M) and = {H £ C^{S^ x 
M) j H{t,-) = Vt G [0, i]}. We define the Banach space bundle £ — > ^ hy = 
L^{S^,v*TM). We consider the section S : ^ xRxH'' — > S'^ xR given by the differential 
of the Rabinowitz action functional 

S{v,r,,H):=dA^{v,r,) . (A.28) 

where the perturbation H G is considered an additional variable. Its vertical differential 

DS : T^,,,,„H)^ xRxn'^^ ^Um,H) (^0,%,^^) G ^-^O) is 

I)5(,,,^„,j,)[(i),r/,^)] =J^^^;(i;o, r),^); •] + [' H{t,vo)dt (A.29) 

Jo 

Since the pull-back of DS under the diffeomorphism ^j^^f^h x idiR x id-^fe is the operator 
^{wo,r]o,ii) Proposition IA.21 the operator DS is surjective. Thus, by the implicit function 
theorem the universal moduli space 

M := S-^{0) (A.30) 

is a smooth Banach manifold. We consider the projection 11 : — > Ti^ . Then the A^ 
is Morse if and only if is a regular value of 11, which by the theorem of Sard-Smale form 
a generic set (for k large enough). Moreover, the Morse condition is C*^-open. Thus, for 
functions in an open and dense subset of Ti^ the Rabinowitz action functional is Morse. 
Taking the intersection of all k concludes the proof of Theorem I2.14[ □ 
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